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Abstract
The nonparametric estimation of variograms and covariograms for isotropic stationary spatial
stochastic processes is considered. It is shown that Fourier–Bessel matrices play an important role
in this context because they provide an orthogonal discretization of the spectral representation
of positive de1nite functions. Their properties are investigated and an example from a simulated
two-dimensional spatial process is provided. It is shown that this approach provides a smooth and
positive de1nite nonparametric estimator in the continuum, whereas previous methods typically
su3er from spurious oscillations. A practical example from Astronomy is used for illustration.
c 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Kriging is a widely used method of spatial interpolation (e.g. Chil;es and Del1ner,
1999), particularly in earth and environmental sciences. It is based on the variogram
or the covariogram, two functions which describe the spatial dependence. A reliable
estimation of the latter is therefore crucial. A traditional approach, under stationarity, consists of estimating the variogram or covariogram at several spatial lags and
1tting a valid parametric model to those estimates. The main disadvantage with this
method is that the practitioner is required to select a model, an often rather subjective
∗
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task (Gorsich and Genton, 2000). Moreover, this choice typically implies a particular
smoothness of the spatial process, determined by the behavior of the variogram or
covariogram at the origin, for example such as linear or parabolic. In the last decade,
there have been several attempts at eliminating the selection of variogram or covariogram models and their associated smoothness, see Shapiro and Botha (1991), Hall
et al. (1994), Lele (1995), Cherry et al. (1996), Cherry (1997), Ecker and Gelfand
(1997). These nonparametric methods are based on the isotropic spectral representation of positive de1nite functions derived by Yaglom (1957) from Bochner’s (1955)
theorem. In this paper, we present an optimal discretization of this spectral representation using Fourier–Bessel matrices. Our method provides smooth and positive de1nite
nonparametric estimators in the continuum, whereas previous methods, such as the one
1rst introduced by Shapiro and Botha (1991), typically su3er from spurious oscillations
when no additional constraints on derivatives are imposed. Moreover, the orthogonality
or near-orthogonality of our discretization improves the approximation power of the
nonparametric variogram estimator.
Consider a spatial stochastic process {Z(x) | x ∈ D}, where the spatial domain D
is a 1xed subset of Rd ; d ¿ 1. Assume that this process is second-order stationary
with isotropic variogram 2(h) and covariogram C(h), i.e. they depend only on the
distance h = h and not on the direction of the lag vector h. Let Z(x1 ); : : : ; Z(xn ) be
a realization of the spatial stochastic process. The classical estimator of the variogram
proposed by Matheron (1962), based on the method of moments, is
2(h)
ˆ =

1 
(Z(xi ) − Z(xj ))2 ;
Nh

(1)

N (h)

where the set N (h) = {(xi ; xj ): xi − xj  ∈ T (h)} has cardinality Nh , and T (h) is some
tolerance neighborhood at distance h when the spatial locations are irregularly positioned in the domain D. Similarly, we estimate the covariogram by
Ĉ(h) =

1
L
L
(Z(xi ) − Z)(Z(x
j ) − Z);
n

(2)

N (h)

n
where ZL = (1=n) i=1 Z(xi ) is the sample mean of the observations. Note that the
estimator nĈ(h)=Nh is often found in the literature, but we prefer (2) because it provides
a set of positive de1nite estimates in R1 (Yaglom, 1987). From now on, we focus on
the estimation of the covariogram, since variogram estimation can easily be derived
from the relation (h) = C(0) − C(h).
It is well known that a valid covariogram has to be positive de1nite. Therefore, the
key idea behind a nonparametric estimator for the covariogram is Bochner’s (1955)
theorem, which gives the spectral representation of positive de1nite functions. In particular, a covariogram C(h) is positive de1nite if and only if it has the form:

C(h) =
cos(uT h)F(du);
(3)
Rd
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where F(du) is a positive bounded symmetric measure. If C(h) is isotropic, Bochner’s
theorem can be written as (Yaglom, 1957)
 ∞
d (th)F(dt);
(4)
C(h) =
0

where
d (x) =

 (d−2)=2  
2
d
J(d−2)=2 (x)

x
2

(5)

form a basis for functions in Rd . Here F(t) is any nondecreasing bounded function,
(d=2) is the gamma function, and Jv is the Bessel function of the 1rst kind of order v.
Some familiar examples of d are 1 (x) = cos(x); 2 (x) = J0 (x), and 3 (x) = sin(x)=x.
In order to obtain a nonparametric covariogram estimator from (4), we choose a
vector t ∈ Rm , which represents the locations
m of the jump points, or nodes, in a discretization of F(t). Speci1cally, let F(t)= j=1 pj (t−tj ) where  is the step function

1 if t ¿ tj ;
(6)
(t − tj ) =
0 otherwise:
We know that F(t) is nondecreasing and bounded, so the coeNcients p = (p1 ; : : : ; pm )T
∈ Rm are required to be nonnegative. Let c = (Ĉ(h1 ); : : : ; Ĉ(hl ))T ∈ Rl be the vector of
l covariogram estimates obtained from (2). Given the nodes t = (t1 ; : : : ; tm )T ; tj ¿ 0,
the nonparametric covariogram estimator has the form:
m

C̃(h) =
pj d (tj h):
(7)
j=1

The nonnegative coeNcients p are obtained by minimizing, under the constraint p ¿ 0,
the objective function
S[p] = (c − M p)T W (c − M p);

(8)

where the l×m matrix M has entries Mij =d (tj hi ). Here W is an l×l weighting matrix
that approximates the covariance structure of the covariogram estimates c, see Genton
(1999), and for the variogram, Genton (1998b, 2000), Genton et al. (2001), Gorsich et
al. (2002). For simplicity, we set W = Il , the identity matrix of size l × l, in the sequel.
Note that it is possible to include a nugget e3ect in (7) and use an iterative method
for the minimization of (8), see Cherry et al. (1996, p. 448). It is now natural to ask
how the nodes t should be chosen? Shapiro and Botha (1991), Cherry et al. (1996),
Cherry (1997) all choose the nodes in an ad hoc way, e.g. about 200 equispaced nodes.
However, in order to avoid arbitrary oscillations, the number of nodes m should be kept
smaller than or equal to l, the number of covariogram estimates. In this paper, we show
that the nodes should be chosen as zeros of Bessel functions in order to provide an
orthogonal series in (7). With some freedom to select lags, near-orthogonal Fourier–
Bessel matrices can be used. These choices ensure a smooth and positive de1nite
nonparametric covariogram estimator in the continuum. We call the matrix M , with
such choice of nodes, a Fourier–Bessel matrix and investigate its properties in the next
section. In Section 3, we provide an example of nonparametric covariogram estimation
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from a simulated two-dimensional spatial process. An application to the characterization
of variable stars in Astronomy is used for illustration in the last section.
2. Fourier–Bessel matrices
In this section, we investigate the properties of Fourier–Bessel matrices and their
use for nonparametric covariogram estimation. We call an l × m matrix M a Fourier–
Bessel matrix if its entries are de1ned by Mij = d (tj hi ), where t1 ; : : : ; tm are zeros of
Bessel functions, i.e. J(d−2)=2 (tj ) = 0, and h1 ; : : : ; hl are a set of spatial lag distances.
These matrices play a crucial role in nonparametric covariogram estimation because
the choice of the nodes t signi1cantly a3ects the solution of the minimization problem
(8). If t is chosen in the right manner, the approximation error can be greatly reduced.
In addition, if there is some freedom in the lag selection, near-orthogonal matrices
can be used. In fact, for valid covariogram estimates (Gorsich and Genton, 2001) and
the correct choice of nodes t, a nonlinear algorithm is no longer needed to 1nd the
coeNcients p. It is important to notice that the series in Eq. (7) can be made orthogonal.
Thus, the matrix M is nonsingular, and performance error is reduced (BjSorck, 1996). If
the coeNcients are positive for a given node selection, then nonnegative least squares
becomes ordinary least squares, and covariogram estimates can be 1tted to machine
precision.
It is well known in physics that if the nodes tj are chosen as the roots of Bessel
functions, the series (7) becomes very similar to a Fourier–Bessel series (Bowman,
1958; Watson, 1958; Tolstov, 1962). Consider a Fourier–Bessel series of order v of
hv C(h) given by
∞

p̃j Jv (tj h);
(9)
j=1

where the tj are the roots of Jv (t) = 0, 0 ¡ h ¡ 1, and p̃j = (d=2)2v pj =tjv . Here,
v = (d − 2)=2 and d is the dimension of the spatial domain. This choice of nodes t
makes the basis orthogonal, and the proof can be found in Bowman (1958). Because
the series is orthogonal, multiplying by hJv (tk h) and integrating from 0 to 1 gives
 1
2
p̃k = 2
hv+1 C(h)Jv (tk h) dh
(10)
Jv+1 (tk ) 0
for the Fourier–Bessel expansion of the covariogram. For the variogram, orthogonalitycannot be achieved and we cannot get such a simple form for pk since hv =
∞
2 j=1 Jv (tj h)=(tj Jv+1 (tj )). For example, when d = 1, i.e. v = − 12 , the basis is 1 −
cos(tk h), which is not orthogonal to 1 − cos(tj h), whereas cos(tk h) and cos(tj h) are orthogonal. Therefore, we focus on estimating pj from the covariogram, and then derive
the variogram from (h) = C(0) − C(h).
We start by deriving the orthogonal matrices associated with the orthogonal Bessel
functions, i.e. we want orthogonality for discrete h as well as for continuous h. Then,
with orthogonality in the discrete case, we 1nd a linear equation for p if the covariogram estimates are valid (Gorsich and Genton, 2001). If the nearly-orthogonal
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matrices can be used, then p can be solved for without inverting M . Although the
function F(t) has been discretized by a vector of nodes t, the lags of C(h) have not
been. Given the continuous expansion
m

hv C(h) =
p̃j Jv (tj h);
(11)
j=1

where 0 6 h ¡ 1, we want the discrete expansion
m

p̃j Jv (tj hi )
hvi C(hi ) =

(12)

j=1

to be orthogonal, but this is not automatic. Ensuring orthogonality for Fourier–Bessel
matrices is not as simple as ensuring orthogonality for discrete cosine or Fourier series
expansions. Consider the matrix Bv de1ned by (Bv )ij = Jv (tj hi =hmax ). For the matrix
Bv to be orthogonal (or nearly-orthogonal), given the nodes tj , there must be a restriction on the choice of the lags hi . This is because the Fourier–Bessel transform is
its own inverse (Lemoine, 1994). Therefore, the transform matrix must be symmetric.
As noted by Lemoine (1994), this leaves the following choice for an orthogonal (or
nearly-orthogonal) matrix Kv of Bv
2
(Kv )ij = (Nv )ii Jv (ti tj =tl )(Nv )jj ;
(13)
tl
where now hi = ti =tl ; (Nv )ij = "(i − j)=|Jv+1 (ti )|, and "(i − j) is the Kronecker delta,
i.e. is one when i = j and zero otherwise. The matrix Kv becomes a discrete sine
transform for v = 12 (but with di3erent quadrature weights). Now (Bv )ij = Jv (ti tj =tl ), and
Kv is a nearly-orthogonal matrix since Kv2 ≈ I , the identity matrix. Using an overlap
matrix (discussed below), Kv can be made exactly orthogonal, and the di3erence of the
overlap matrix from the identity matrix is as small as 2E − 10 for a 100 × 100 matrix.
Using the nearly-orthogonal matrix (without the diagonal Nv matrices) and rewriting
Eq. (12) in matrix form gives the following expansion for the covariogram
c = bv Dv Bv D̃v p;

(14)

(D̃v )ij = "(i − j)=tjv ;

(Dv )ij = "(i − j)tlv =tiv ,

v

and bv = 2 (v + 1). Thus, the Fourier–
where
Bessel matrix M for the covariogram, Mij = v (tj hi ), is the same as bv Dv Bv D̃v except
that the lag values are chosen to be the node values divided by the lth node value. This
normalizes the lag values to range between 0 and 1. Now using Eq. (14) there is a
discrete expression for p without having to deal with approximating the integrals in (10)
by exploiting near-orthogonality. The following proposition gives a linear expression
for the coeNcients p.
Proposition 1. Let the nodes tj satisfy Jv (tj ) = 0 and the lags be related to the nodes
by hi = ti =tl ; so 0 ¡ hi 6 1; and v ¿ − 12 . Then the coe:cients p of the expansion in
(14) are given by
−1

2
2 −1
p = b−1
v Nv D̃v Bv Nv Sv Dv Nv c;

where Sv =

(KvT Kv )−1=2

is an overlap matrix.

(15)
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Proof. Let c = bv Dv Bv D̃v p and set p = Nv p∗ . All the entries of Nv are positive. Then
Nv c = bv Nv Dv Bv D̃v Nv p∗ . Since diagonal matrices commute; we can interchange the N
matrices so that there is a nearly symmetric orthogonal matrix in the middle. This
−1
−1
gives p∗ ≈ b−1
v Nv D̃v Nv Bv Nv Dv Nv c. Now using Nv again; we arrive at a very close
approximation to p without taking an inverse of a matrix
−1

2
−1 2
p ≈ b−1
v Nv D̃v Bv Dv Nv c:

(16)

For l as large as a few hundred; this approximation is within machine precision. Otherwise equality can be reached by using an overlap matrix (Lemoine; 1994) that is nearly
the identity. The overlap matrix is Sv = (KvT Kv )−1=2 ; so that Sv Kv is truly orthogonal
and
−1

2
2 −1
p = b−1
v Nv D̃v Bv Nv Sv Dv Nv c:

(17)

In most cases; Eq. (16) can be used and no inverse is needed because the noise in
the covariogram estimates is much greater than the entries of the overlap matrix. This
improves the performance of the optimization problem (8); should nonnegative least
squares be needed. This completes the proof.
Proposition 1 gives a simple linear equation for the coeNcients p. Now the question
is whether these coeNcients will be positive? If they are, then nonnegative least squares
is no longer needed for (8). This depends essentially on the covariogram estimates c.
Further discussions on this topic can be found in Gorsich (2000), and Gorsich and
Genton (2001). Note that in Proposition 1, we have avoided evaluating the integral by
using a discretization scheme that nearly preserves orthogonality.
Because there is a simple form for p using the covariogram, there also must be a
simple form for the variogram. Moreover, the values of the coeNcients provided by
the two linear equations must coincide. Let S = ((h
ˆ 1 ); : : : ; (h
ˆ l ))T ∈ Rl be the vector
of l variogram estimates obtained from (1). We have the following proposition.
Proposition 2. Let the nodes tj satisfy Jv (tj ) = 0 and the lags be related to the nodes
by hi = ti =tl ; so 0 ¡ hi 6 1; and v ¿ − 12 . Then the coe:cients p of the variogram
expansion are given by
p = −Nv (A + Anv nvT A(1 − nvT Anv )−1 )Nv S;

(18)

where A = (bv Dv Nv Bv Nv D̃v )−1 and the vector nv = diag(Nv ).
Proof. The values of the coeNcients coincide for both the variogram and covariogram
but the equation for the variogram S takes the form
S = (11T − bv Dv Bv D̃v )p:
As before; setting p = Nv p
T −1

(A − 11 )

=A

−1

∗

(19)

and S = Nv−1 S∗
−1 T −1

+A

11 A

and using the relation

(1 − 1T A−1 1)−1

(20)

we get the desired result. Again; the inverse of Nv Bv Nv can be found approximately by
taking the transpose; or the overlap matrix can be used as in Proposition 1 for exact
equality.
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The Fourier–Bessel matrices in this section exploit near-orthogonality (or orthogonality for d = 1 or 3, see Strang, 1999) and 1nd approximate expressions for p without
the need to take an inverse. In some cases, p is found to be positive and therefore the
nonparametric covariogram estimator is positive de1nite. Otherwise, nonnegative least
squares (8) is used with improved performance (no inverse of a matrix is needed)
and with greater approximation power. As a result, fewer nodes are necessary and
there are no spurious oscillations. An example of this fact is discussed in the next
section.

3. A simulated example
In the previous section, we discussed the nearly orthogonal matrices that are found
when the nodes are chosen as zeros of Bessel functions. These matrices improve the
performance of the nonnegative least squares algorithm, and provide a nonparametric
estimator of variograms and covariograms that uses a small number of nodes under
reasonable sampling conditions (see Gorsich, 2000). With a small number of nodes,
the covariogram estimates can be 1t well at a 1nite number of estimates, and in
the continuum, i.e. the nonparametric covariogram estimator is smooth between the
covariogram estimates. With other node selections, this is not true as discussed in
Gorsich and Genton (2001).
In this section, we simulate for illustration a Gaussian spatial process Z on a two
dimensional grid of size 20 × 20. More simulations can be found in Gorsich (2000)
and Gorsich and Genton (2001). The process has mean zero and covariogram de1ned by a Bessel function of order zero. We window the covariogram with (1 − h)2
so that it is valid in R2 and is zero for h ¿ 1. The resulting covariogram is plotted
in Fig. 1. Covariogram estimates are computed with the estimator (2), thus guaranteeing positive de1niteness in R1 . This positive de1niteness does not extend to
Rd , which means that the estimated points are not positive de1nite in higher dimensions, and nonnegative least squares must be used. The Fourier–Bessel matrix
M , as well as a matrix M de1ned by equally spaced nodes, are used to 1nd the
coeNcients p. As done in earlier papers (Shapiro and Botha, 1991; Cherry et al.,
1996; Cherry, 1997), the number of nodes is increased beyond the number of covariogram estimates available so that the estimates can be 1tted closely. Thus, using C̃(h) de1ned by (7), a nonparametric covariogram estimator can be found that
gives values for the covariogram in the continuum. For the equally spaced nodes, we
have to go up to 80 nodes to get a good 1t to the covariogram estimates. With
the nodes chosen as zeros of Bessel functions, i.e. with Fourier–Bessel matrices,
we can use 80 nodes, but only twenty are really needed here because the values
of pj for j ¿ 20 are e3ectively zero. This type of result is based on the orthogonality and the improved approximation power of the series. Fig. 1 shows the two
nonparametric estimators of the covariogram, as well as the true underlying covariogram (dashed line). The stared points are the covariogram estimates given by Eq.
(2). We view only the 1rst nine of the 20 for clarity. The two curves represent the
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Fig. 1. Two nonparametric covariogram estimators 1tting covariogram estimates (stars) of a two-dimensional
spatial process. The dashed line represents the true underlying covariogram. The 1t with equally spaced nodes
needs 80 nodes and has oscillations that are not represented in the true underlying covariogram. The smooth
1t uses nodes as zeros of Bessel functions, and the Fourier–Bessel matrix M as discussed in the paper.
In this case, the last 60 values of p are e3ectively zero, so this estimator needs only twenty nodes, and
therefore provides a much smoother 1t in the continuum. This 1t is closer to the underlying covariogram.

two nonparametric covariogram estimators, one with nodes as zeros of Bessel functions, and the other as equally spaced nodes. The estimator that uses equally spaced
nodes requires more nodes to 1t the covariogram estimates e3ectively, and therefore
has spurious oscillations appearing that have nothing to do with the true underlying covariogram, a windowed Bessel function of order zero. With the nodes properly
chosen, fewer are needed, and a smoother 1t can be reached. The use of Fourier–
Bessel matrices is thus highly recommended in order to avoid spurious oscillations
in the continuum. If the nodes were chosen in another manner, or randomly, the
1ts can become much worse, and to 1t covariogram estimates, prior authors chose
up to 200 nodes (see e.g. Cherry et al., 1996). Of course, choosing a large number of nodes allows one to 1t the covariogram estimates very closely, but causes
even larger spurious oscillations to occur that have nothing to do with the underlying
covariogram.
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4. An example from Astronomy
In this section, we present an application of nonparametric variogram estimation
to photometric data arising from Astronomy. In 1989, the European Space Agency
launched a satellite, named Hipparcos (HIgh Precision PARallax COllecting Satellite),
with the goal of collecting a huge number of measurements about stars. Actually,
the Hipparcos satellite provided about 13,000,000 measurements of Vuxes for 118,204
stars during a time interval of 3.3 years. A systematic search for periodic stars was
carried out (Eyer, 1998), and a particular goal was also to characterize stars with
pseudo-periodic light curves, i.e. approximately periodic signal, such as super giant,
spotted, and semi-regular variables stars.
Eyer and Genton (1999) proposed to characterize variable stars by robust wave
variograms. Indeed, the variograms of time series with periodic or pseudo-periodic
signal exhibit negative correlations caused by the periodicity of the series, and are
named wave or hole e3ect variograms (Chil;es and Del1ner, 1999, p. 92). They show
oscillations of decreasing amplitude around a horizontal plateau called the sill, which is
the total variance of the observations. The 1rst minimum of the wave variogram after
the origin is considered as a measure of the period or pseudo-period of the time series,
and its computation can be used to characterize variable stars. Unfortunately, only
about 110 irregularly sampled observations are available for each star, among which a
nonnegligible fraction of outliers can be found. As a consequence, Matheron’s (1962)
variogram estimator (1) is unreliable, nor is it enough to make simple modi1cations
to (1) such as the ones proposed by Cressie and Hawkins (1980) in order to achieve
robustness. The use of a highly robust variogram estimator (Genton, 1998a) has been
advocated by Eyer and Genton (1999), who demonstrated the signi1cant advantages of
working with this estimator for determining pseudo-periodicities.
To date, this robust wave variogram methodology was applied only qualitatively. In
order to automate the estimation of the 1rst minimum, one could 1t a valid parametric
variogram model to the variogram estimates, for instance by a least square algorithm,
and then determine the 1rst minimum analytically. Because the time sampling obtained
from the Hipparcos mission is very irregular, the variogram estimates have large variabilities and the previous approach typically fails. Moreover, the pseudo-periodicities
characterizing variables stars tend to yield variogram oscillations of di3erent shapes,
thus preventing the use of a single parametric model of variogram. For these reasons, we herein propose to utilize a nonparametric variogram estimator, based on
Fourier–Bessel matrices as described in Section 2, for the estimation of the 1rst minimum. Fig. 2 depicts highly robust variogram estimates for two typical stars from the
Hipparcos mission, HIP 052507 and HIP 023743, respectively, along with nonparametric variogram estimates in the continuum. The number l of highly robust variogram estimates are, respectively, 28 and 31 for the two stars, and the number of
nodes is m = l. The Fourier–Bessel expansions are performed in dimension d = 1,
although higher dimensions could be used if smoother 1ts are desired. The estimated
pseudo-periods for the two variable stars are, respectively, 91.2 and 68.4 days. We
are therefore able to characterize the variable stars from the Hipparcos mission by
an automatic estimation of their pseudo-periodicities. If we would not use Fourier–
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Fig. 2. Highly robust variogram estimates for two typical stars from the Hipparcos mission, HIP 052507 and
HIP 023743, respectively, along with nonparametric variogram estimates in the continuum.

Bessel matrices, spurious oscillations might mask the 1rst minimum of the wave
variogram.

5. Conclusion
In this paper, we have shown that Fourier–Bessel matrices play an important role in
the nonparametric estimation of variograms and covariograms. They provide the correct
discretization of the spectral representation of positive de1nite functions, in the sense
that the resulting covariogram estimators are guaranteed to be smooth and positive
de1nite in the continuum. The issue of spurious oscillations was 1rst raised by Hall
et al. (1994), and our approach answers this point by advocating the use of Fourier–
Bessel matrices. The main advantage with a nonparametric approach is that the choice
of a particular model and the associated smoothness of the spatial process are avoided.
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